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In this paper, we perform a linear stability analysis of Israel-Stewart theory around a global equi-
librium state, including the effects of shear-stress tensor, net-baryon diffusion current and diffusion-
viscous coupling. We find all the relevant modes of this theory and derive necessary conditions that
these modes must satisfy in order to be stable and subluminal. With these conditions, we then
derive constraints for the shear and diffusion relaxation times and the transport coefficients related
to diffusion-viscous coupling.
I. INTRODUCTION
Relativistic fluid-dynamics is an effective theory constructed to describe the long-wavelength and long-time dynamics
of a many-body system, with applications that range from astrophysics [1] to high-energy nuclear physics [2]. In the
past 20 years, there has been a growing interest in understanding fundamental aspects of relativistic hydrodynamics
[3], mostly due to the fluid-dynamical modeling of the quark-gluon plasma (QGP), produced in modern particle
accelerators via ultra-relativistic heavy-ion collisions [3–6].
Relativistic generalizations of Navier-Stokes theory, derived by Landau and Lifshitz [7] and, independently, by
Eckart [8], are known to be ill-defined, containing intrinsic instabilities when perturbed around an arbitrary global
equilibrium state [9–11]. Such instabilities are intrinsically related to the acausal nature of Navier-Stokes theory,
which allows perturbations to propagate with an infinite speed. These fundamental problems prohibit the application
of Navier-Stokes theory to describe any practical fluid-dynamical problem, may it be in the description of neutron
star mergers or in the description of the quark-gluon plasma produced in heavy ion collisions.
Stable and causal theories of relativistic fluid dynamics were later derived by Israel and Stewart, following the
procedure initially developed by H. Grad [12] for nonrelativistic systems. Israel and Stewart performed this task in
two distinct ways: (i) the first being a phenomenological derivation, based on the second law of thermodynamics [13],
and (ii) the second being a microscopic derivation starting from the relativistic Boltzmann equation [14]. Similar
theories have been widely developed in the past decades [15–24], but all carry the same fundamental aspects: in
contrast to Navier-Stokes theory, such causal theories of fluid dynamics include in their description the transient
dynamics of the non-conserved dissipative currents. For this reason, they were initially named by Israel and Stewart
as transient fluid dynamics (nowadays, they are often referred to as second order theories).
However, it is important to remark that the theory formulated by Israel and Stewart is not guaranteed to be causal
and stable. As was first shown by Hiscock, Lindblom and, later, by Olson, such transient theories of fluid dynamics
are only linearly causal and stable if their transport coefficients satisfy certain conditions [25, 26]. Such conclusions
were obtained by analysing the properties of the theory in the linear regime and by imposing that the perturbations
around a global equilibrium state are stable and propagate subluminally. More recent analysis were developed in
Ref. [10], including only the effects of bulk viscosity, and, later, in Ref. [11], which included the effects of both shear
and bulk viscosity. In both these papers, constraints for the shear and bulk relaxation times were explicitly derived.
Nowadays, causality analysis have even been performed also in the nonlinear regime [27, 28] (in this case, including
the effects of shear and bulk viscosity), where more general inequalities required to ensure the causal propagation of
the theory were derived. In the latter case, the inequalities constrain not only the tranport coefficients, but also the
values of the dissipative currents (in the linear regime, the inequalities derived in Ref. [28] reduce to those derived
in Refs.[10, 11]). Such constraints are relevant for, e.g. fluid-dynamical applications in heavy ion collisions, since
the transport coefficients of QCD matter are not precisely known (often, they are completely unknown) and such
fundamental constraints on transport coefficients (and the values of the dissipative currents) can be extremely useful.
Recently, several programs to experimentally study QCD matter at finite net-baryon density have been put in motion
at the Relativistic Heavy Ion Collider (RHIC), in Brookhaven National Lab (Upton, USA), and at the Nuclotron-based
Ion Collider fAcility (NICA), in the Joint Institute for Nuclear Research (Dubna, Russia), and, will be starting soon at
the Facility for Antiproton and Ion Research (FAIR), in GSI Helmholtzzentrum fur Schwerionenforschung (Darmstadt,
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2Germany). Nevertheless, the more recent investigations on the stability and causality of fluid-dynamical descriptions
[10, 11, 27, 28], have not yet considered the complete set of the Israel-Stewart equations, usually neglecting any
dissipation by net-baryon diffusion and, also, possible diffusion-viscous coupling terms 1. In this paper, we actually
perform a linear stability analysis around global equilibrium of Israel-Stewart theory, including the effects of shear-
stress tensor and net-baryon diffusion 4-current (all effects of bulk viscous pressure are neglected). We find all the
relevant modes of this theory and derive the conditions that these modes must satisfy in order to be stable and
subluminal. With this result, we obtain new conditions that the shear and diffusion relaxation times must satisfy so
that Israel-Stewart theory remains linearly causal and stable. We further find constraints for the transport coefficients
that couple the shear stress tensor and the net-baryon diffusion current (diffusion-viscous coupling). In other words,
we show that the inclusion of diffusion-viscous coupling in the equations of motion drives the theory unstable, if
these transport coefficients do not satisfy certain bounds. Such novel constraints may be useful when such transport
coefficients are included in the current fluid dynamical simulations of the quark-gluon plasma.
This paper is divided as follows. In Sec. II we review the fundamentals of relativistic hydrodynamics, as proposed by
Israel and Stewart [13]. Then, in Sec. III, we linearize the Israel-Stewart equations around a global equilibrium state,
expressing the resulting equations in Fourier space. In particular, we demonstrate how to decompose the linearized
equations of motion in Fourier space into independent equations of motion for their longitudinal and transverse
components – a procedure that considerably simplifies the calculations. Next, Secs. IV and V are dedicated to
the study of the theory’s linear stability in the absence and in the presence of diffusion-viscous coupling terms,
respectively. All our conclusions are summarized in Sec. VI. In this paper, we use natural units c = ~ = kB = 1, and
the mostly-minus convention for the metric tensor gµν = diag(+,−,−,−).
II. RELATIVISTIC FLUID DYNAMICS
In this section, we briefly review the equations of relativistic dissipative fluid dynamics. The main equations are
the continuity equations associated to the conservation of net-charge, energy, and momentum
∂µT
µν = 0, (1)
∂µN
µ = 0, (2)
where Tµν is the energy-momentum tensor and Nµ is the net-charge 4-current. In our case, the only conserved charge
considered is baryon number, with electric charge and strangeness being neglected.
It is convenient to write the conserved currents in a fluid-dynamical form,
Tµν = εuµuν − P∆µν + piµν , (3)
Nµ = nBu
µ + nµ, (4)
where ε is the energy density, nB is the net-baryon number density, P (nB , ε) is the thermodynamic pressure, u
µ is
the normalized 4-velocity (uµuµ = 1), n
µ is the net-baryon diffusion current, and piµν is the shear-stress tensor. In
this work, we employ Landau’s picture for the velocity field [7], where it is defined as an Eigenvector of the energy-
momentum tensor, i.e., Tµνuν ≡ εuµ. We also introduced the projection operator onto the 3-space orthogonal to uµ,
∆µν ≡ gµν − uµuν . All effects of dissipation due to bulk viscous pressure are neglected in our calculations.
When considering ideal fluids, the conservation laws, supplemented by an equation of state, are sufficient to describe
the time evolution of the system. On the other hand, when considering viscous fluids, the conservation laws must
also be complemented by dynamical equations for the dissipative currents. Here, we employ relaxation-type equations
derived from kinetic theory as our baseline [21, 29, 30],
τnn˙
〈µ〉 + nµ = κn∇µαB − nνωνµ − δnnnµθ + `npi∆µν∇λpiλν
− τnpipiµν∇νP − λnnnνσµν − λnpipiµν∇ναB , (5)
τpip˙i
〈µν〉 + piµν = 2ησµν + 2τpipi
〈µ
λ ω
ν〉λ − δpipipiµνθ − τpipipiλ〈µσ ν〉λ
− τpinn〈µ∇ν〉P + `pin∇〈µnν〉 + λpinn〈µ∇ν〉αB , (6)
1 The work by Olson [26] considered the complete Israel-Stewart equations, including all sources of fluctuations. Nevertheless, in this
work, the dispersion relations for the hydrodynamic modes were not explicitly evaluated.
3where αB ≡ µB/T , with µB being the baryon chemical potential and T the temperature. Above, we defined the
comoving time derivative, A˙ ≡ uµ∂µA, the expansion rate, θ ≡ ∂µuµ, the shear tensor σµν ≡ ∂〈µuν〉, the vorticity
tensor, ωµν ≡ (∇µuν −∇νuµ) /2, and the projected derivative ∇µ ≡ ∂〈µ〉. We further employ the notation, A〈µ〉 ≡
∆µνA
ν , and A〈µν〉 ≡ ∆µναβAαβ , where we make use of the double, symmetric, and traceless projection operator ∆µναβ =(
∆µα∆
ν
β + ∆
µ
β∆
ν
α
)
/2 − ∆µν∆αβ/3. Note that all the dissipative currents are constructed to be orthogonal to the
4-velocity,
uµn
µ = 0, uµpi
µν = 0. (7)
In the equations of motion for the dissipative currents, we introduced a wide set of transport coefficients, all
being functions of temperature and chemical potential. The most relevant for our work are the net-charge diffusion
coefficient, κn, the shear viscosity coefficient, η, and the diffusion and shear relaxation times, τn and τpi, respectively.
The effects of the relaxation times have already been extensively investigated in the linear regime in [11, 25, 26] and
were shown to be essential to render the theory causal and stable. So far, the remaining coefficients have not been
widely investigated, even in the linear regime. Such coefficients can be relevant as they determine the strength of the
second-order terms that appear in the fluid-dynamical equations. In particular, we are interested in the effects of the
coupling terms ∆µν∇λpiλν and ∇〈µnν〉, which are associated with the transport coefficients `npi and `pin, respectively.
The effect of these transport coefficients can be investigated in the linear regime. We note that such coupling terms
also appear in the phenomenological derivation of Israel-Stewart theory [13, 14].
For the sake of convenience, we further re-express the conservation laws, Eqs. (1) and (2), in the following way,
uν∂µT
µν = ε˙+ (ε+ P ) θ − piαβσαβ = 0, (8)
∆λν∂µT
µν = (ε+ P ) u˙λ −∇λP − piλβ u˙β + ∆λν∇µpiµν = 0, (9)
∂µN
µ = n˙B + nBθ − nµu˙µ +∇µnµ = 0. (10)
The fluid-dynamical equations will be linearized in the above form.
III. LINEARIZED FLUID DYNAMICS
In this section, we linearize the fluid-dynamical equations described in the previous section around a global equilib-
rium state. For this purpose, we consider small fluid-dynamical perturbations around a hydrostatic equilibrium state,
with an energy density, ε0, a vanishing net-baryon number density, nB,0 = 0, a constant 4-velocity, u
µ
0 , and vanishing
dissipative currents, nµ0 = pi
µν
0 = 0.
Perturbations around such an equilibrium state can be expressed in the following form,
ε = ε0 + δε, nB = δnB , u
µ = uµ0 + δu
µ, (11)
nµ = δnµ, piµν = δpiµν . (12)
As already stated, in this analysis we neglect any effects from bulk viscous pressure, i.e., δΠ = 0.
Since the fluid 4-velocity is normalized, i.e., uµu
µ = 1, it is straightforward to demonstrate that the perturbations
of the fluid velocity satisfy
uµ0 δuµ = O (2) , (13)
where O (2) denote all possible terms that are second order or higher in perturbations of the fluid-dynamical fields.
That is, up to first order in perturbations, the fluctuations of the fluid 4-velocity are orthogonal to the background
4-velocity. Similarly, due to the orthogonality relations satisfied by the dissipative currents, Eq. (7), one can show
that all perturbations of the dissipative currents are also orthogonal to the background 4-velocity,
uµ0 δpiµν = O (2) , (14)
uµ0 δnµ = O (2) . (15)
Such linear orthogonality relations satisfied with the background 4-velocity, motivate us to also introduce projection
operators that are constructed from the background 4-velocity,
∆µν0 ≡ gµν − uµ0uν0 , (16)
∆µναβ0 ≡
1
2
(
∆µα0 ∆
νβ
0 + ∆
µβ
0 ∆
να
0
)
− 1
3
∆µν0 ∆
αβ
0 , (17)
4and define the following projected derivatives
D0 ≡ uµ0∂µ, ∇µ0 ≡ ∆µν0 ∂µ. (18)
Retaining only contributions which are linear in the perturbations, the fluid-dynamical equations of motion reduce
to
D0
(
δε
w0
)
+∇µ0 δuµ = O (2) , (19)
D0δu
µ −∇µ0
(
δP
w0
)
+∇ν0δχµν = O (2) , (20)
D0
(
δnB
n0
)
+∇µ0 δξµ = O (2) , (21)
where w0 = ε0+P0 is the enthalpy and n0 ≡ (ε0+P0)/4T is the particle number density at vanishing chemical potential.
We further defined the dimensionless fields associated with the hydrodynamic fluctuations, δχµν ≡ δpiµν/ (ε0 + P0)
and δξµ ≡ δnµ/n0. In this notation, the linearized equations of motion for the dissipative currents become
τnD0δξ
µ + δξµ =
n¯B
n0
τκ∇µ0 δαB + Lnpi∇ν0δχµν , (22)
τpiD0δχ
µν + δχµν = 2τη∆
µναβ
0 ∂αδuβ + Lpin∆µναβ0 ∂αδξβ . (23)
All transport coefficients in the above equations are functions only of the temperature, since we assumed the chemical
potential of the unperturbed system is zero. We also introduced several time scales associated to the transport
coefficients that appear in the fluid-dynamical equations,
τη ≡ η
ε0 + P0
, τκ ≡ κn
n¯B
, Lpin ≡ `pin
4T
, Lnpi ≡ 4T`npi, (24)
with n¯B being the baryon number density, not to be confused with the net-baryon number density. The first two
scales appear already in Navier-Stokes theory, while the remaining two are new scales related to the coupling terms
investigated in this work. Naturally, there are also intrinsic time scales in Israel-Stewart theory – the relaxation times
– which are required to render the theory causal and stable. It would be interesting to see whether the appearance of
such new time scales can affect the stability of the linearized theory (investigating the causality of the full nonlinear
theory is a complex task, with recent progress on this topic being developed in Refs. [27, 28], but without the effects
of net-charge diffusion).
Linearized equations of motion in Fourier space
It is practical to express these equations in Fourier space. We adopt the following convention for the Fourier
transformation
M˜(kµ) =
∫
d4x exp (−ixµkµ)M(xµ), (25)
M(xµ) =
∫
d4k
(2pi)4
exp (ixµk
µ)M(kµ), (26)
where kµ = (ω,k), with ω being the frequency and k the wavevector. It is convenient to introduce the covariant
variables,
Ω ≡ uµ0kµ, (27)
κµ ≡ ∆µν0 kν , (28)
which correspond to the frequency and wavevector in the local rest frame of the unperturbed system. We further
introduce a covariant wavenumber,
κ ≡√−κµκµ. (29)
5Using this notation, the conservation laws are written as
Ω
δε˜
w0
+ κµδu˜µ = 0, (30)
Ωδu˜µ − κµ δP˜
w0
+ κνδχ˜µν = 0, (31)
Ω
δn˜B
n0
+ κµδξ˜µ = 0, (32)
while the equations for the dissipative currents become
(iτnΩ + 1)δξ˜
µ = iτκκ
µδα˜B + iLnpiκνδχ˜µν , (33)
(iτpiΩ + 1)δχ˜
µν = 2iτη
[
κ(µδu˜ν) − 1
3
∆µν0 κλδu˜
λ
]
+ iLpin
[
κ(µδξ˜ν) − 1
3
∆µνκλδξ˜
λ
]
, (34)
where the parentheses in the indices denote the symmetrised tensor A(µν) ≡ (Aµν +Aνµ) /2.
For the sake of convenience, we further decompose the above equations of motion in terms of their components that
are parallel to κµ (longitudinal degrees of freedom) and those that are orthogonal to it (transverse degrees of freedom).
In the linear regime, the transverse and longitudinal degrees of freedom are no longer coupled and can be solved
independently. For instance, the decomposition of an arbitrary 4-vector orthogonal to uµ0 , A
µ, can be implemented as
Aµ = A‖
κµ
κ
+Aµ⊥, (35)
where we define A‖ ≡ −κµAµ/κ and Aµ⊥ ≡ ∆µνκ Aν . Here,
∆µνκ ≡ gµν +
κµκν
κ2
− uµ0uν0 , (36)
is the orthogonal projector onto the 2-space orthogonal to κµ and uµ0 . A symmetric traceless rank two tensor orthogonal
to uµ0 can be decomposed in a similar manner
Aµν = A‖
κµκν
κ2
+
1
2
A‖∆µνκ +A
µ
⊥
κν
κ
+Aν⊥
κµ
κ
+Aµν⊥ , (37)
where we define the projections A‖ ≡ κµκνAµν/κ2, Aµ⊥ ≡ −κλ∆µνκ Aλν/κ, and Aµν⊥ ≡ ∆µναβκ Aαβ , with
∆µναβκ ≡
1
2
(
∆µακ ∆
νβ
κ + ∆
µβ
κ ∆
να
κ −∆µνκ ∆αβκ
)
. (38)
The equations of motion satisfied by the longitudinal modes are obtained by contracting Eqs. (31) and (33) with
the tensor κµ/κ and by contracting Eq. (34) with the tensor κµκν/κ2. Note that Eqs. (30) and (32) are already in
terms of the longitudinal components of the fluctuations. This leads to the equations
Ω
δε˜
w0
− κδu˜‖ = 0, (39)
Ωδu˜‖ − κ δε˜
3w0
− κδχ˜‖ = 0, (40)
Ω
δn˜B
n0
− κδξ˜‖ = 0, (41)(
iτˆnΩˆ + 1
)
δξ˜‖ + iLˆnpiκˆδχ˜‖ = iτˆκκˆ δn˜B
n0
, (42)(
iτˆpiΩˆ + 1
)
δχ˜‖ − 2
3
iLˆpinκˆδξ˜‖ = 4
3
iκˆδu˜‖, (43)
Above, we expressed all dimensionful quantities in terms of the viscous time scale, τη. That is, we defined,
Ωˆ ≡ τηΩ, κˆ ≡ τηκ, τˆn,pi,κ ≡ τn,pi,κ
τη
, (44)
Lˆnpi ≡ Lnpi
τη
, Lˆpin ≡ Lpin
τη
. (45)
6In deriving the above equations, we have already made assumptions regarding the equation of state. We assume an
equation of state of a gas composed solely of a massless particle and its corresponding anti-particle. In this case, the
perturbation of pressure and chemical potential can be expressed as
δP˜ =
1
3
δε˜, (46)
δα˜B =
δn˜B
n¯B
. (47)
The transverse equations are obtained projecting Eqs. (31) and (33) with ∆µλκ and Eq. (34) with ∆
µλ
κ κ
ν . Then, we
obtain the following set of equations
Ωˆδu˜λ⊥ − κˆδχ˜λ⊥ = 0, (48)
(iτˆnΩˆ + 1)δξ˜
λ
⊥ + iLˆnpiκˆδχ˜λ⊥ = 0, (49)
(iτˆpiΩˆ + 1)δχ˜
λ
⊥ − iκˆδu˜λ⊥ − i
Lˆpin
2
κˆδξ˜λ⊥ = 0. (50)
The equation for the fully transverse component of the shear-stress tensor, δχ˜µν⊥ , decouples from energy density and
velocity fluctuations and will not be considered in this analysis.
When required, we use the transport coefficients calculated in Ref. [29] for an ultra-relativistic gas of hard spheres.
In this case, one finds for the re-scaled transport coefficients the following values: τˆpi = 5, τˆn = 27/4, τˆκ = 9/16. The
coefficients related to the coupling terms, Lnpi and Lpin, will not be fixed to a particular value. Nevertheless, we shall
assume in this work, unless stated otherwise, that
LnpiLnpi < 0. (51)
This assumption is supported by kinetic theory calculations [14, 29, 30]. Furthermore, this constraint is obtained in
the phenomenological derivation of Israel-Stewart theory from the second law of thermodynamics [14, 31].
IV. STABILITY ANALYSIS WITHOUT COUPLING TERMS
We begin our analysis considering the case where coupling terms between shear-stress tensor and diffusion 4-current
are not present. This analysis was performed before, without the presence of diffusion fluctuations in Ref. [11].
Preliminary calculations on the effect of diffusion fluctuations have been presented in Ref. [32].
A. Transverse modes
We start our discussion with the transverse degrees of freedom. In this case, the equations of motion, taking
Lˆnpi = Lˆpin = 0, can be expressed in the following form Ωˆ −κˆ 00 0 iΩˆτˆn + 1
−iκˆ iτˆpiΩˆ + 1 0
 δu˜µ⊥δχ˜µ⊥
δξ˜µ⊥
 = 0. (52)
The non-trivial solutions are obtained when the determinant vanishes, leading to the dispersion relation[(
1 + iτˆpiΩˆ
)
Ωˆ− iκˆ2
] (
1 + iτˆnΩˆ
)
= 0.
Note that, in the absence of coupling terms, the transverse dispersion relations related to the shear-stress tensor and
net-baryon diffusion current decouple, and can be expressed as(
1 + iτˆpiΩˆ
)
Ωˆ− iκˆ2 = 0, (53)
1 + iτˆnΩˆ = 0. (54)
Such decoupling of the modes would not necessarily occur for other choices of equation of state. Also, this will not
occur if we consider fluctuations around an equilibrium state with a finite net-baryon number density.
7Initially, we shall consider the case where the unperturbed fluid is at rest, i.e., uµ0 = (1, 0, 0, 0), leading to Ωˆ = ωˆ
and κˆ = kˆ. In this case, the solutions can be expressed analytically as
ωˆdiffT =
i
τˆn
, ωˆshearT,± = i
1±
√
1− 4τˆpikˆ2
2τˆpi
. (55)
Clearly, the modes ωˆdiffT and ωˆ
shear
T,+ are non-hydrodynamic, i.e., they do not vanish when the wavenumber is taken
to zero, while the mode ωˆshearT,− is hydrodynamic. Also, it is straightforward to see that, when taking the Navier-
Stokes limit, i.e., when the relaxation times are sent to zero, τˆpi → 0, τˆn → 0, the non-hydrodynamic modes goes
to infinity, limτˆn→0 ωˆ
diff
T ∼ i/τˆn and limτˆpi→0 ωˆshearT,+ ∼ i/τˆpi, while the hydrodynamic mode goes to the usual Navier-
Stokes solution, limτˆpi→0 ωˆ
shear
T,− = ikˆ
2. We also see that the shear modes become propagating, i.e., they have a real
component, for wavenumbers that are sufficiently large, kˆ > 1/
(
2
√
τˆpi
)
. All these results for the shear modes were
previously obtained in Ref. [11].
Since they are the only ones that carry any dependence on the wavenumber kˆ, it is useful to look at the modes
ωˆshearT,± in the small, kˆ  1, and large, kˆ  1, wavenumber limits. In the first case, we have
ωˆshearT,+ =
i
τˆpi
− ikˆ2 +O
(
kˆ4
)
, (56)
ωˆshearT,− = ikˆ
2 + iτˆpikˆ
4 +O
(
kˆ6
)
, (57)
while, in the second case, we obtain
ωˆshearT,± =
i
2τˆpi
±
(
kˆ√
τˆpi
− 1
8τˆ
3/2
pi kˆ
)
+O
(
1
kˆ4
)
, (58)
We can see that the modes obtained above are stable as long as the relaxation times are positive
τˆn ≥ 0, τˆpi ≥ 0. (59)
Furthermore, since the shear modes become propagating when kˆ  1, causality imposes the following constraint to
the asymptotic group velocity [11, 33]
lim
kˆ→∞
∣∣∣∣∂Re(ωˆ)∂kˆ
∣∣∣∣ ≤ 1 =⇒ τˆpi ≥ 1. (60)
The modes ωˆshearT,± and ωˆ
diff
T are plotted in Fig. 1, considering the relaxation times calculated from the Boltzmann
equation, using the 14-moment approximation in the ultra-relativistic limit, i.e., τˆpi = 5 and τˆn = 27/4 [29]. The
results do not change qualitatively if different values of τˆpi and τˆn are employed. The transverse modes related to the
shear-stress tensor are usually referred to as shear modes. These modes have been calculated before in Ref. [11] and
are identical to the results presented here, since the inclusion of net-baryon diffusion does not affect them.
We now analyse the case in which the unperturbed fluid is moving. Such problem involves intrinsically relativistic
phenomena, since velocities that are close to the velocity of light are possible even in such perturbative scenario. We
define the Lorentz factor, γ = 1/
√
1− V 2, and, for the sake of simplicity, assume that the 3-velocity and the wavevector
are taken in the same direction, e.g., the x–axis. This case corresponds to uµ0 = γ(1, V, 0, 0) and k
µ = (ω, k, 0, 0),
leading to
Ωˆ = γ(ωˆ − V kˆ), (61)
κˆ2 = γ2(ωˆV − kˆ)2. (62)
In this case, the dispersion relations given by Eqs. (53) and (54), become
iτˆpi(γωˆ − γV kˆ)2 + (γωˆ − γV kˆ)− i(γωˆV − γkˆ)2 = 0, (63)
1 + iγτˆn(ωˆ − V kˆ) = 0. (64)
The solution for the diffusion transverse mode is, once more, the simplest one,
ωˆdiffT = V kˆ +
i
γτˆn
, (65)
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FIG. 1: The imaginary and real parts of the transverse modes in the absence of coupling terms, i.e., LˆnpiLˆnpi = 0.
given by a propagating part, with velocity identical to that of the unperturbed fluid, and a non-propagating part that
relaxes to equilibrium within a Lorentz dilated relaxation time, γτˆn (this corresponds to a non-hydrodynamic mode).
This mode is always stable as long as the diffusion relaxation time is positive. Furthermore, as expected, causality
is satisfied as long as the background fluid has a velocity smaller than the speed of light. The dispersion relation
satisfied by the remaining transverse modes is,
i
(
τˆpi − V 2
)
(γωˆ)
2
+
[
1− 2i (τˆpi − 1) γV kˆ
]
γωˆ − γV kˆ + i(τˆpiV 2 − 1)(γkˆ)2 = 0, (66)
In order to understand the stability of such modes, we first look at their behavior when kˆ = 0, i.e., in the homogeneous
limit. In this limiting case, the hydrodynamic mode will naturally disappear, while the non-hydrodynamic mode
achieves the following value
ωˆshearT,+ (kˆ = 0) =
i
γ (τˆpi − V 2) . (67)
We note that this mode does not vanish when the shear relaxation time is taken to zero. This implies that such
non-hydrodynamic mode also appears in Navier-Stokes theory.
The non-hydrodynamic mode should be stable for all possible values of the background velocity V . In order to
guarantee this at least for k = 0, the shear relaxation time must satisfy the following condition
τˆpi ≥ 1 =⇒ τpi ≥ τη. (68)
This constraint is identical to the causality condition obtained for the same modes when the unperturbed fluid was
at rest, see Eq. (60).
In Fig. 2, we plot the solutions of Eq. (66) for V = 0.1, V = 0.4, and V = 0.9, using the same values of relaxation
times as before: τˆpi = 5 and τˆn = 27/4. In this case, we see that the modes are indeed stable for all values of kˆ. An
example of an unstable fluid configuration is shown in Fig. 3, by taking τˆpi = 0.5 and τˆn = 27/4, values that do not
satisfy the causality and stability conditions derived in this section for the transverse modes.
B. Longitudinal modes
We now discuss the longitudinal projections of the fluid-dynamical equations. The equations of motion for the
longitudinal degrees of freedom, taking Lˆnpi = Lˆnpi = 0, can be expressed in the following matrix form
Ω 0 0 −κ 0
0 Ω −κ 0 0
0 −κ3 Ω 0 −κ
−iτˆκκˆ 0 0 iτˆnΩˆ + 1 0
0 0 − 43 iκˆ 0 iτˆpiΩˆ + 1


δn˜B/n0
δε˜/w0
δu˜‖
δξ˜‖
δχ˜‖
 = 0. (69)
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FIG. 2: The imaginary and real parts of the transverse modes for perturbations around a moving fluid, considering V = 0.1,
V = 0.4, and V = 0.9, in the absence of coupling terms, i.e., LˆnpiLˆnpi = 0.
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FIG. 3: The imaginary part of the unstable shear mode for τˆpi = 0.5 for a background velocity of V = 0.9, in the absence of
coupling terms, i.e., LˆnpiLˆnpi = 0.
Non-trivial solutions for these equations are obtained when the determinant is zero, leading to the dispersion relation[(
Ωˆ2 − 1
3
κˆ2
)
(iτˆpiΩˆ + 1)− 4
3
iκˆ2Ωˆ
] [
Ωˆ(iτˆnΩˆ + 1)− iτˆκκˆ2
]
= 0. (70)
Once more, the dispersion relation related to net-baryon current perturbations decouples from those related to energy-
momentum tensor fluctuations and can be solved independently,
Ωˆ(iτˆnΩˆ + 1)− iτˆκκˆ2 = 0, (71)(
Ωˆ2 − 1
3
κˆ2
)
(iτˆpiΩˆ + 1)− 4
3
iκˆ2Ωˆ = 0. (72)
As before, we first consider the case where the unperturbed fluid is at rest, i.e., uµ0 = (1, 0, 0, 0), leading to Ωˆ = ωˆ
and κˆ = kˆ. In this case, the solution for the modes related to the net-baryon diffusion current fluctuations can be
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cast in a simple form
ωBL,± = i
1±
√
1− 4τˆnτˆκkˆ2
2τˆn
. (73)
The mode ωBL,− is clearly hydrodynamic, as can be seen from the small wavenumber limit
ωBL,− = iτˆκkˆ
2 + iτˆnτˆ
2
κ kˆ
4 +O
(
kˆ6
)
, (74)
with the leading term being the dispersion related usually obtained in Navier-Stoke theory. On the other hand, ωBL,+
is a non-hydrodynamic mode that simply does not exist in Navier-Stokes theory,
ωBL,+ =
i
τˆn
− iτˆκkˆ2 +O
(
kˆ4
)
. (75)
For asymptotically large values of wavenumber, these modes become
ωBL,± =
i
2τˆn
±
√
τˆκ
τˆn
(
kˆ − 1
8τˆnτˆκkˆ
)
+O
(
1
kˆ3
)
. (76)
The modes ωdiffL,± become propagating when kˆ > 1/
(
2
√
τˆnτˆκ
)
and causality dictates that [11, 33]
lim
k→∞
∣∣∣∣∂Re(ω)∂k
∣∣∣∣ ≤ 1 =⇒ τˆn ≥ τˆκ. (77)
The remaining longitudinal modes (which include the sound modes) are a solution of a cubic equation and, thus,
their analytical solution cannot be expressed in a simple form. For the sake of completeness, we plot the imaginary
and real parts of the longitudinal modes in Fig. 4, taking τˆpi = 5, τˆn = 27/4 and τˆκ = 9/16. In the following, we
restrict our discussion to the asymptotic form of these modes. We take a look at the behavior of such modes for small
values of wavenumber,
ωsound± = ±
1
3
kˆ +
2
3
ikˆ2 +O
(
kˆ3
)
, (78)
ωshearL =
i
τˆpi
− 4
3
ikˆ2 +O
(
kˆ4
)
, (79)
while at large values of wavenumber, the same modes behave as
ωsound± = ±
√
4 + τˆpi
3τˆpi
kˆ +
2i
τˆpi (4 + τˆpi)
+O
(
1
kˆ
)
, (80)
ωshearL =
i
4 + τˆpi
+O
(
1
kˆ
)
. (81)
Clearly, the modes ωˆsound± are hydrodynamic (describing the propagation of sound waves) and, as expected, they
reduce to the modes obtained from Navier-Stokes theory when the wavenumber is sufficiently small. The other mode
is non-hydrodynamic and does not exist in Navier-Stokes theory. The stability of these modes is guaranteed for small
or large values of wavenumber as long as τˆpi > 0. Furthermore, causality imposes that the asymptotic group velocity
must satisfy [11, 33]
lim
k→∞
∣∣∣∣∂Re(ω)∂k
∣∣∣∣ ≤ 1 =⇒ τˆpi ≥ 2. (82)
We now perform the same analysis considering that the unperturbed fluid is moving. As already done in the
previous section, we assume that the background four-velocity and the perturbations are in the same direction, e.g.,
the x axis. Therefore, we have uµ0 = γ(1, V, 0, 0) and k
µ = (ω, k, 0, 0). In this case, the original dispersion relations,
Eqs. (71) and (72), become (
γωˆ − γV kˆ
) [
iτˆn
(
γωˆ − γV kˆ
)
+ 1
]
− iτˆκ
(
ωˆγV − γkˆ
)2
= 0, (83)[(
γωˆ − γV kˆ
)2
− 1
3
(
ωˆγV − γkˆ
)2] [
iτˆpi
(
γωˆ − γV kˆ
)
+ 1
]
− 4
3
i
(
ωˆγV − γkˆ
)2 (
γωˆ − γV kˆ
)
= 0. (84)
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FIG. 4: Real and imaginary part of the longitudinal modes in the absence of coupling terms, LˆnpiLˆnpi = 0, for a static
background, V = 0.
Since analysing the stability of the modes for any value of wavenumber would be extremely complicated, we shall
initially restrict our focus to the vanishing wavenumber limit, as before. In this limit, we have that the longitudinal
modes related to net-baryon diffusion fluctuations can be cast in the form
ωBL,− = 0, ω
B
L,+ =
i
γ (τˆn − τˆκV 2) , (85)
while the remaining longitudinal modes become
ωsound± = 0, ω
shear
0 =
i
(
3− V 2)
γ [3τˆpi − (τˆpi + 4)V 2] . (86)
It is essential that the modes are stable at k = 0. Furthermore, the perturbations must be stable for any value of
the background fluid velocity. In order to ensure that the imaginary part of the mode has the correct sign (that leads
to modes that are damped at late times) for any background velocity, we must have that,
τˆn ≥ τˆκ, τˆpi ≥ 2, (87)
which are the same conditions that are obtained when imposing causality for perturbations on top of a fluid that
is at rest, see Eqs. (77) and (82). These stability conditions are stronger than the ones found using the transverse
modes and, therefore, are sufficient to ensure that the system is linearly causal and stable. The condition for the shear
relaxation time was previously obtained in [11]. The stability condition that was obtained for the diffusion relaxation
time is, to the best of our knowledge, new.
The modes that are obtained as the solutions of Eq. (70) for a moving background fluid are displayed in Fig. 5,
considering τˆpi = 5, τˆn = 27/4, and τˆκ = 9/16. One can easily see that all modes are stable for all values of kˆ. Further,
in Fig. 6, we consider two examples of unstable fluid configurations, i.e., fluids that do not satisfy the conditions
derived in Eq. (87). On the left panel we analyse an unstable case in which τˆn < τˆκ. Here, we considered τˆn = 3/16
and τˆκ = 9/16 for an unperturbed system with velocity V = 0.9. In this scenario, the longitudinal non-hydrodynamic
mode related to net-baryon current fluctuations is unstable. On the right panel, we analyse the case where τˆpi = 0.9
for an unperturbed system with velocity V = 0.9. Again, there is the occurrence of an unstable non-hydrodynamic
mode, related to fluctuations of the shear-stress tensor.
So far, we have derived the stability conditions of the Israel-Stewart equations in the absence of coupling terms.
These conditions, which are constraints for the relaxation times, were shown to be identical to the causality conditions
obtained in the case where the unperturbed system is at rest. We concluded that the stability and causality conditions
imposed by analysing longitudinal modes are stronger and supersede the ones obtained investigating transverse modes.
In the next section, we will be investigating the stability conditions in the presence of the coupling terms.
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FIG. 5: The imaginary and real parts of the longitudinal modes for a moving background fluid, for V = 0.1, V = 0.4, and
V = 0.9 in the absence of coupling terms, i.e., LˆnpiLˆnpi = 0.
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FIG. 6: Imaginary part of the unstable longitudinal mode related to baryon-number fluctuations for τˆκ = 9/16 and τˆn = 3/16
for V = 0.9 (left panel) and imaginary part of the unstable shear mode for τˆpi = 0.9 for V = 0.9 (right panel), proving the
stability conditions we derived previously.
V. STABILITY ANALYSIS WITH COUPLING TERMS
We now consider the case where coupling terms between shear-stress tensor and diffusion diffusion 4-current are
present. The following stability analysis will be very similar to the one performed in the previous section.
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A. Transverse modes
As before, we start our discussion with the linearized equations of motion satisfied by the transverse degrees of
freedom. The equations of motion can be cast in the following form Ωˆ −κˆ 00 iLˆnpiκˆ iΩˆτˆn + 1
−iκˆ iτˆpiΩˆ + 1 −i Lˆpin2 κˆ

 δu˜µ⊥δχ˜µ⊥
δξ˜µ⊥
 = 0. (88)
These equations lead to the following dispersion relation, obtained from the determinant of the matrix above
−AΩˆ3 + iBΩˆ2 + (1 + Cκˆ2) Ωˆ− iκˆ2 = 0, (89)
where we defined the quantities
A ≡ τˆpi τˆn, B ≡ τˆn + τˆpi, (90)
C ≡ τˆn − 1
2
LˆpinLˆnpi. (91)
Naturally, we can see that the addition of coupling terms in the Israel-Stewart equations does not add a new mode
to the dispersion relation for the transverse modes, since it continues to be a third-order polynomial. However, now
that the coupling terms are included, the modes related to energy-momentum tensor fluctuations and net-baryon
current fluctuations no longer factorize. This renders the solution of the problem considerably more complicated and
analytical solutions can no longer be cast in a simple form. Furthermore, we also see that the modes only depend on
the product of the coupling terms, LˆpinLˆnpi, that is contained within our definitions of variables in the parameter C.
Note that, if the relaxation times are set to zero, one no longer recovers a simple Navier-Stokes dispersion relation.
Instead, one obtains the solution
Ωˆ =
iκˆ2
1− 12 LˆpinLˆnpiκˆ2
. (92)
This solution is purely imaginary and is only stable if LˆpinLˆnpi is negative. If the relaxation times are not zero, we will
see that stable solutions with positive values of LˆpinLˆnpi are still possible, even though we will not investigate such
cases thoroughly.
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FIG. 7: The imaginary part of the dispersion relation of the transverse modes for an unperturbed system at rest, V = 0, for
three different values of the product of the coupling terms LˆnpiLˆnpi = −1, 0, 1. In this plot the relaxation times are set to zero,
τˆpi = τˆn = 0.
We plot this mode assuming a static background (Ω = ω and κ = k) in Fig. 7 for the following choices of coupling
LˆpinLˆnpi = −1, 0, and 1. Even though the modes show a familiar behavior in the small-wavenumber region, as the
wavenumber increases, they become rather different. Positive values of the effective coupling term render the theory
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unstable even in the case where the unperturbed system is at rest. On the other hand, for negative values, the
imaginary part of the mode is positive-definite, and therefore, it is stable.
In the following stability analysis, all the relaxation times are once again taken into account. As before, we initially
consider the case where the unperturbed system is at rest, uµ0 = (1, 0, 0, 0). In this case, the dispersion relation is
−Aωˆ3 + iBωˆ2 +
(
1 + Ckˆ2
)
ωˆ − ikˆ2 = 0. (93)
We first study these solutions in two different limits: for small and large wavenumber.
In the small wavenumber limit, kˆ  1, one obtains
ωˆdiffT =
i
τˆn
+
iLˆpinLˆnpi
2(τˆpi − τˆn) kˆ
2 +O
(
kˆ4
)
, (94)
ωˆshearT,+ =
i
τˆpi
+
i
2
2 (τˆn − τˆpi)− LˆpinLˆnpi
τˆpi − τˆn kˆ
2 +O
(
kˆ4
)
, (95)
ωˆshearT,− = ikˆ
2 +O
(
kˆ4
)
. (96)
We see that, when either Lˆpin or Lˆnpi is set to zero, we recover the result from the previous section. It is also interesting
to notice that the coupling terms lead to corrections that are of higher order in kˆ.
In the limit of large wavenumbers, one can demonstrate that an expansion of the following form exists
ωˆ = c−1kˆ +
∞∑
n=0
cnkˆ
−n. (97)
The expansion coefficients can be identified order by order by replacing the above ansatz into the dispersion relation.
We then obtain the following solutions
ωˆshearT,± = ±
√
C
A kˆ + i
BC −A
2AC +O
(
1
kˆ
)
, (98)
ωˆdiffT =
i
C +O
(
1
kˆ
)
. (99)
The solutions derived above, obtained from the asymptotic expansion of ωˆ, already carry information on the linear
stability of the theory. In order for the system to be stable, we must have that (i)
√C/A is real, (ii) C ≥ 0, and (iii)
BC − A ≥ 0. Note that condition (i) automatically guarantees condition (ii), since A is guaranteed to be positive as
long as the relaxation times are also positive. The stability conditions (ii) and (iii) lead to,
C > 0 =⇒ LˆpinLˆnpi < 2τˆn, (100)
BC −A > 0 =⇒ LˆpinLˆnpi < 2 τˆ
2
n
τˆn + τˆpi
. (101)
These conditions can be shown to be equivalent to those obtained using the Routh-Hurwitz stability criterion [34–36].
In this sense, they are more general, and guarantee the stability conditions for any value of wavenumber k (and not
just for asymptotically large values of k). The last condition is clearly stronger and imposes restrictions on the values
that the coupling terms coefficients can have. It is interesting that, with the inclusion of the coupling terms, we already
have to impose stability conditions even for perturbations around a background that is at rest – something that was
not required in Navier-Stokes theory or in simplified versions of Israel-Stewart theory. Note that both conditions are
automatically satisfied if the product of the coupling terms has a negative sign. Furthermore, a causality condition
can be extracted from the expansion of the modes in the large wavenumber limit,
lim
k→∞
∣∣∣∣∂Re(ω)∂k
∣∣∣∣ = CA ≤ 1 =⇒ LˆpinLˆnpi ≥ −2τˆn (τˆpi − 1) . (102)
For the sake of illustration, we display, in Fig. 8, the real and imaginary parts of the modes ωˆshearT,± and ωˆ
diff
T for the
following negative values of the product of the coupling terms, LˆpinLˆnpi = −0.25,−1,−4. In Fig. 9, we display such
modes for positive values of LˆpinLˆnpi, chosen to be LˆpinLˆnpi = 0.25, 2, 6. As before, these plots were made using the
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transport coefficients calculated from the Boltzmann equation, τˆpi = 5 and τˆn = 27/4. For these values of transport
coefficients, the stability condition given by Eq. (101) becomes, LˆpinLˆnpi . 7.75. We note that it is possible to obtain
stable modes even for positive values of LˆpinLˆnpi. As the value of LˆpinLˆnpi becomes negative, the coupling terms render
the imaginary parts of the non-hydrodynamic modes degenerate at larger values of wavenumbers. On the other hand,
if LˆpinLˆnpi is positive, the non-hydrodynamic mode related to the diffusion 4-current, ωˆdiffT , becomes degenerate with
the hydrodynamic mode ωˆshearT,− instead, when the wavenumber increases. In Fig. 10, we show a case in which the
relaxation times are chosen in such a way to ensure the causality and stability conditions derived in the previous
sections, but the modes are driven unstable by the coupling term, with LˆpinLˆnpi = 10.
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FIG. 8: Real and imaginary parts of the transverse modes for three negative values of the product of the coupling terms,
LˆpinLˆnpi = −0.25,−1,−4, for a static background, V = 0.
We now perform the same analysis considering that the unperturbed fluid is moving with a velocity V in the, e.g.
x–direction. Once again, we assume that the four-velocity and the perturbations are taken in the same direction, so
that uµ0 = γ(1, V, 0, 0) and k
µ = (ω, k, 0, 0). As already discussed, this leads to Eqs. (61) and (62), which must be
inserted into Eq. (89) in order to obtain the dispersion relation satisfied by ω and k. For the sake of illustration,
the solutions of the resulting dispersion relation are plotted for two different cases: in Fig. 11, for negative values
of LˆpinLˆnpi, and in Fig. 12, for positive values of LˆpinLˆnpi considering the following values of the background fluid
velocity, V = 0.1, V = 0.4 and V = 0.9.
Similarly to what was done in the previous sections, we discuss the linear stability of the theory by analysing
the modes at zero wavenumber, kˆ = 0. This simplifies considerably the calculations and allows us to provide basic
necessary conditions for linear stability. In this limit, the dispersion relation reduces to
−A (γωˆ)3 + iB (γωˆ)2 +
[
1 + C (γωˆV )2
]
(γωˆ)− i (γωˆV )2 = 0.
Thus, it is possible to express the solutions in a simple analytical form
ωˆ = 0, γωˆ± = i
(B − V 2)±√(B − V 2)2 − 4 (A− CV 2)
A− CV 2 . (103)
Naturally, the vanishing solution corresponds to the hydrodynamic mode, while the remaining solution corresponds
to the non-hydrodynamic mode. The stability of the perturbations is usually governed by the non-hydrodynamic
mode, which will either decay or increase exponentially depending on the choices of transport coefficients. If V = 0,
we recover the previous solutions, ωˆ± = i/τˆpi, i/τˆn.
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FIG. 9: Real and imaginary parts of the transverse modes for three positive values of the product of the coupling terms,
LˆpinLˆnpi = 0.25, 2, 6, for a static background, V = 0.
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FIG. 10: Real and imaginary parts of the transverse modes for an unstable value for the product of the coupling terms,
LˆpinLˆnpi = 10, for a static background, V = 0.
Next, we investigate the necessary conditions the transport coefficients must satisfy in order for the non-
hydrodynamic modes ωˆ± in Eq. (103) to be both stable in the homogeneous limit. Naturally, in order for the
modes to have a positive imaginary part at k = 0, the numerator and denominator must carry the same sign. The
denominator should not change sign as the velocity of the background fluid increases, otherwise resulting in an in-
stability. Therefore, stable fluid-dynamical formulations must satisfy A > CV 2 for all values of 0 ≤ V ≤ 1, which is
guaranteed by the following condition
A > C. (104)
The imaginary part of the numerator must also be positive. This condition requires, at least, that B − V 2 > 0 for all
values of 0 ≤ V ≤ 1, leading to
B > 1. (105)
Finally, we study the term inside the square root in Eq. (103). One can show that for negative values of the product
of the coupling terms, LˆnpiLˆpin ≤ 0, which is the case considered here, such term is positive and smaller than B− V 2,
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and does not affect the sign of the modes. Furthermore, considering also positive values for the product between the
coupling terms, LˆnpiLˆpin ≥ 0, either the term inside the square root remains positive and smaller than B − V 2 or it
becomes negative, resulting in an imaginary value for the square root. Either way, the conditions given by Eqs. (104)
and (105) are sufficient to maintain the theory linearly stable at k = 0. The conditions (104) and (105) can be
expressed as the following constraints for the transport coefficients
B > 1 =⇒ τˆn + τˆpi > 1, (106)
A > C =⇒ LˆpinLˆnpi ≥ −2τˆn (τˆpi − 1) . (107)
The latter is equivalent to the causality condition obtained for perturbations around a background at rest, see
Eq. (102). Combining the stability conditions above with those derived for a background at rest, see Eqs. (100) and
(101), we then obtain
τˆn + τˆpi > 1, (108)
−2τˆn (τˆpi − 1) ≤ LˆpinLˆnpi < 2τˆ
2
n
τˆn + τˆpi
. (109)
These inequalities can be further simplified by imposing that the product between the coupling terms is negative,
LˆpinLˆnpi ≤ 0. In this case, the last relation reduces to∣∣∣LˆpinLˆnpi∣∣∣ ≤ 2τˆn (τˆpi − 1) , τˆpi ≥ 1, τˆn ≥ 0 (110)
with the conditions related to the relaxation times being equivalent to the stability conditions obtained in the absence
of coupling terms. However, we note that positive values of LˆpinLˆnpi can also lead to stable theories. In this case, it
would even be possible to violate the condition τˆpi ≥ 1. As a matter of fact, if τˆpi ≤ 1, we see that only positive values
of LˆpinLˆnpi are allowed.
Then, removing the scaling factors from the transport coefficients, we obtain the following condition
|`pin`npi| ≤ 2τn (τpi − τη) . (111)
This condition is satisfied in calculations from the Boltzmann equation [29, 30]. So far, we are not aware of any
microscopic calculations that does not satisfy this condition.
Longitudinal modes
In the presence of coupling terms, the linearized equations for the longitudinal modes can be expressed in the
following form 
Ω 0 0 −κ 0
0 Ω −κ 0 0
0 −κ3 Ω 0 −κ
−iτˆκκˆ 0 0 iτˆnΩˆ + 1 iLˆnpiκˆ
0 0 − 43 iκˆ − 23 iLˆpinκˆ iτˆpiΩˆ + 1


δn˜B/n0
δε˜/w0
δu˜‖
δξ˜‖
δχ˜‖
 = 0 (112)
We then obtain the following dispersion relation[(
Ωˆ2 − 1
3
κˆ2
)
(iτˆpiΩˆ + 1)− 4
3
iκˆ2Ωˆ
] [
Ωˆ(iτˆnΩˆ + 1)− iτˆκκˆ2
]
− 2
3
LˆpinLˆnpi
(
Ωˆ2 − 1
3
κˆ2
)
Ωˆκˆ2 = 0. (113)
For the sake of convenience, we rewrite this expression as
−AΩˆ5 + iBΩˆ4 + (1 + 2ASκˆ2) Ωˆ3 − iBD
3
κˆ2Ωˆ2 − 1
3
(
1 + E κˆ2) Ωˆκˆ2 + i τˆκ
3
κˆ4 = 0, (114)
where A, B, and C were defined in the previous section, in Eqs. (90) and (91), and we further introduced the variables
S ≡ A+ 3τˆpi τˆκ + 4C
6A , (115)
D ≡ B + 3τˆκ + 4B , (116)
E ≡ 4τˆκ + τˆpi τˆκ + 4
3
(C − τˆn) . (117)
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FIG. 11: Real and imaginary parts of the transverse modes considering a negative value for the product of the coupling terms,
LˆpinLˆnpi = −1, for three different values of the background velocity V = 0.1, V = 0.4, and V = 0.9.
Other useful definitions that will be employed in the remaining of this paper are
M≡ E
3A , R ≡
√
S2 −M. (118)
Initially, we shall consider the case where the unperturbed system is at rest, i.e., uµ0 = (1, 0, 0, 0). In this case, the
dispersion relation is
−Aωˆ5 + iBωˆ4 +
(
1 + 2ASkˆ2
)
ωˆ3 − iBDkˆ2ωˆ2 − 1
3
(
1 + E kˆ2
)
ωˆkˆ2 + i
τˆκ
3
kˆ4 = 0, (119)
The solutions of this polynomial equation are rather complicated. As before, we shall look at such solutions in the
limits of small and large wavenumber in order to extract some information about the behavior of the modes. In this
case, for small wavenumbers, kˆ  1, we have that
ωBL,+ =
i
τˆn
+O
(
kˆ2
)
, (120)
ωshearL =
i
τˆpi
+O
(
kˆ2
)
, (121)
ωBL,− = iτˆκkˆ
2 +O
(
kˆ3
)
, (122)
ωsound± = ±
1√
3
kˆ +
2
3
ikˆ2 +O
(
kˆ3
)
. (123)
We have two non-hydrodynamic modes and three hydrodynamic modes. At small wavenumbers, the hydrodynamic
modes behave like the modes found in Navier-Stokes theory. Furthermore, for large wavenumber, the modes can be
written as
ωˆ = ±kˆ√S ±R+ iA
3B (S ±R)2 − BD (S ±R) + τˆκ
15 (S ±R)2 − 18S (S ±R) + 3M +O
(
1
kˆ
)
, (124)
ωˆ = i
τˆκ
E +O
(
1
kˆ
)
. (125)
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FIG. 12: Real and imaginary parts of the transverse modes considering a positive value for the product of the coupling terms,
LˆpinLˆnpi = 2, for three different values of the background velocity V = 0.1, V = 0.4, and V = 0.9.
In order for these modes to be stable, it is required that their imaginary parts are positive and thus we have the
following necessary conditions:
(i) τˆκ/E > 0;
(ii)
√S ±R is real;
(iii)
[
3B (S ±R)2 − BD (S ±R) + τˆκ
]
/
[
15 (S ±R)2 − 18S (S ±R) + 3M
]
is positive.
The causality condition further imposes the following constraints for the asymptotic group velocity
lim
k→∞
∣∣∣∣∂Re(ω)∂k
∣∣∣∣ = √S ±R ≤ 1. (126)
In the following, we translate the conditions above into conditions for the transport coefficients.
Condition (i) is guaranteed as long as E > 0, which leads to another constraint for the product of the coupling
coupling terms, given by
LˆpinLˆnpi < 3
2
τˆκ (τˆpi + 4) , (127)
which is automatically satisfied if LˆpinLˆnpi < 0. Condition (ii) is satisfied if S ≥ R (this condition is automatically
satisfied if the product of the coupling terms is negative) and if R is real. The latter condition further implies that
S2 >M. (128)
This condition will be further developed when we discuss the modes for perturbations on top of a moving background
fluid. Finally, condition (iii) is satisfied as long as
3B (S +R)2 − BD (S +R) + τˆκ > 0, (129)
3B (S −R)2 − BD (S −R) + τˆκ < 0. (130)
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If the product of the coupling terms is negative, these conditions are automatically satisfied and do not provide any
new constraints for the stability of the system. On the other hand, if the product of the coupling terms is positive,
these conditions will lead to constraints for the transport coefficients, but we shall not discuss or explicitly derive
them in this work. Furthermore, all conditions listed above can be shown to be equivalent to the ones found by using
the Routh-Hurwitz criterion [34–36]. In this sense, they are valid not only in the large wavenumber regime, but also
for any values of wavenumber k.
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FIG. 13: Real and imaginary parts of the longitudinal modes considering a negative and a positive values for the product of
the coupling terms, LˆpinLˆnpi = −1, 2 for a background at rest, V = 0.
The solutions of Eq. (113) for a static background are displayed in Fig. 13 for a negative value of the coupling term
LˆpinLˆnpi = −1 (top panels), and also for a positive value LˆpinLˆnpi = 2 (bottom panels). The inclusion of the coupling
produces a similar behavior when compared to the transverse modes, see Figs. 8 and 9, where the sign of the product
of the coupling terms dictates which modes merge at large values of wavenumber. Similarly to what was observed for
the transverse modes, the imaginary part of the longitudinal modes become constant at large wavenumber. The real
parts of the longitudinal modes do not show any qualitative variation at large wavenumber as we change the sign of
the coupling term.
Now we discuss perturbations on top of a moving background fluid. Again, we assume that the four-velocity
and the perturbations are taken in the same direction, e.g., the x axis. Therefore, we have uµ0 = γ(1, V, 0, 0) and
kµ = (ω, k, 0, 0), which leads once more to the expressions of Ωˆ and κˆ given in Eqs. (61) and (62). In Figs. 14 and 15,
we display the solutions of the dispersion relation in Eq. (113), substituting Eqs. (61) and (62), considering several
values of velocity and product of the coupling terms. In the following, we shall study the properties of the solutions
at vanishing wavenumber, kˆ = 0, in order to extract a set of necessary linear stability conditions, as already done in
the previous sections. In this case, the dispersion relation reads
(γωˆ)
3 [−3A (1− 2SV 2 +MV 4) γ2ωˆ2 + i (τˆκV 4 + 3B − BV 2) γωˆ + 3− V 2] = 0, (131)
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with 2 non-vanishing solutions, corresponding to the two longitudinal non-hydrodynamic modes of the theory,
γωˆ± = i
τˆκV
4 + B (3−DV 2)±√[τˆκV 4 + B (3−DV 2)]2 − 12A (3− V 2) (1− 2SV 2 +MV 4)
3A (1− 2SV 2 +MV 4) . (132)
As already discussed, in order to guarantee the stability of these modes, we must have that the imaginary part of
the dispersion relation is positive for all possible values of the velocity. Evidently, this is achieved if both numerator
and denominator carry the same sign. The denominator in Eq. (132) is positive for V = 0, and thus it must remain
positive for all values of V – a change of sign would already imply in an instability. Therefore, we must have
1− 2SV 2 +MV 4 > 0, ∀ 0 ≤ V ≤ 1. (133)
Here, Eq. (133) is a polynomial function which is quadratic in V 2 and positive at V = 0. The condition above is
satisfied if the smallest root of this polynomial is larger than 1. This guarantees that the function is positive in the
physical interval of 0 ≤ V 2 ≤ 1 and instabilities would only occur in the non-physical region in which the background
velocity is greater than the speed of light. This is ensured by the following inequality
S −R ≥M. (134)
Note that this inequality leads to the causality condition derived in Eq. (126) for perturbations on top of a fluid at
rest. This can be seen by taking the definition of M = S2 −R2 and then
S −R ≥ (S −R)(S +R) =⇒ S +R ≤ 1⇒ −3
2
τˆpi (τˆn − τˆκ)− τˆn (τˆpi − 2) ≤ LˆpinLˆnpi, (135)
where we used the previously derived stability conditions S −R > 0 and R ≥ 0. Once again, we see that the stability
conditions obtained for perturbations on top of a moving background are related to the causality conditions satisfied
by perturbations on top of a static background. The relations in Eq. (135) can be used to derive the additional
relations
M = (S +R)(S −R) ≤ 1⇒ 3
2
τˆκ (τˆpi + 4)− 9
2
A ≤ LˆpinLˆnpi, (136)
S ≤ 1 +M
2
⇒ −2
3
LˆpinLˆnpi ≤ (τˆpi − 2) (τˆn − τˆκ) . (137)
In order to have stable modes, the numerator in Eq. (132) must also be positive-definite. One can show that the
term inside the square root in Eq. (132) is positive-definite as long as we assume that the product of the coupling terms
is negative. Therefore, in order for the modes ωˆ+ and ωˆ− to have a positive-definite imaginary part it is sufficient to
impose that
τˆκ
3BV
4 − D
3
V 2 + 1 ≥ 0, ∀ 0 ≤ V ≤ 1. (138)
In order for the inequality to be fulfilled, the smallest root of the polynomial above must be greater than 1, rendering
the function positive in the physical interval in which the background velocity does not exceed the speed of light. The
analysis here is analogous to the one performed on Eq. (133), leading to a new constraint for the relaxation times
τˆpi + τˆn ≥ τˆκ + 2, (139)
which is clearly satisfied for by the transport coefficients calculated from the Boltzmann equation [13, 29, 30] and
used in the previous section of this paper.
Assuming the coupling terms satisfy LˆpinLˆnpi < 0, the stability conditions derived for the longitudinal modes can
be summarized as
τˆpi ≥ 2, τˆn ≥ τˆκ, |LˆpinLˆnpi| ≤ 3
2
(τˆpi − 2) (τˆn − τˆκ) . (140)
From the transverse modes, we had the additional condition
|LˆpinLˆnpi| ≤ 2τˆn (τˆpi − 1) . (141)
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FIG. 14: Real and imaginary parts of the longitudinal modes considering a negative value for the product of the coupling terms,
LˆpinLˆnpi = −1, for three different values of background velocity, V = 0.1, V = 0.4, and V = 0.9.
However, one can demonstrate that this is contained in the inequalities in Eq. (140). Therefore, the conditions for
τˆpi and τˆn are the same as the ones obtained without coupling terms and we just obtain an additional constraint for
LˆpinLˆnpi. If we use the relaxation times calculated from the Boltzmann equation,
|LˆpinLˆnpi| ≤ 891
32
≈ 27.84. (142)
For the sake of completeness, the solution of Eq. (113) for perturbations of top of a moving background are displayed
in Figs. 14 and 15 considering a negative and a positive value for the product of the coupling terms, LˆpinLˆnpi = −1
and LˆpinLˆnpi = 2, respectively. We also show several examples of configurations that are driven unstable by the
coupling terms in Fig. 16, taking the following values for the product of the coupling terms that violate Eq. (142),
LˆpinLˆnpi = −40,−45,−50,−60.
VI. CONCLUSIONS AND REMARKS
In this work we presented a linear stability analysis of Israel-Stewart theory including the effects of shear-stress
tensor and net-baryon current. In particular, we investigate the effects that second order terms (that are linear in
the dissipative currents) that couple one dissipative current with the other, the diffusion-viscous couplings, can have
on the stability and causality of the theory. In order to achieve this goal, we considered small perturbations around
a global equilibrium state with energy density ε0, vanishing net-baryon number, and a finite fluid 4-velocity u
µ
0 . The
stability condition is that the system returns to this global equilibrium state after being perturbed.
We first considered the case where the coupling terms are zero. In this case, the modes related to fluctuations of
energy, momentum and net-baryon number decouple. The dispersion relation for the modes related to fluctuations of
energy and momentum obtained here are identical to the ones first derived in Ref. [11]. We thus obtained the same
stability conditions for the shear relaxation time, as in Ref. [11], given by
τpi ≥ 2η
ε0 + P0
.
Furthermore, since we considered the effects of net-baryon current, we also obtained a stability condition for the
23
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FIG. 15: Real and imaginary parts of the longitudinal modes considering a positive value for the product of the coupling term,
LˆpinLˆnpi = 2, for three different values of background velocity V = 0.1, V = 0.4, and V = 0.9.
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FIG. 16: Imaginary part of the unstable shear modes for different negative values of the coupling term, LˆpinLˆnpi =
−40,−45,−50,−60, for V = 0.99.
net-baryon diffusion relaxation time,
τn ≥ κn
n¯B
.
We then investigated how the introduction of the aforementioned coupling terms affects these stability conditions.
In this scenario, we proved that the theory is not stable for arbitrary values of such coupling terms. In order to be
24
consistent with kinetic theory calculations and the derivation of fluid-dynamics from second law of thermodynamics,
we assumed that the product of the coupling terms is negative. We then showed that the stability conditions for the
relaxation times derived in the presence of the coupling term are not modified by the inclusion of the coupling terms,
and remain being the ones listed above. Furthermore, we obtained a stability condition that must be satisfied by the
coupling terms themselves, given by
|`pin`npi| ≤ 3
2
(
τpi − 2η
ε0 + P0
)(
τn − κn
n¯B
)
.
Once more, we emphasize that these conditions are obtained assuming `pin`npi < 0. However, we showed some example
that the system can be stable for `pin`npi > 0, but these cases were not studied thoroughly.
We confirmed in this paper that the causality conditions obtained for perturbations around a background fluid at
rest lead to instabilities for perturbations on top of a moving fluid, as it was first derived in Ref. [11]. Finally, we
note that the stability conditions obtained by Olson in Ref. [26] also include the effects of diffusion-viscous coupling
and even bulk viscous pressure, which was neglected here. However, in this case the constraints for the transport
coefficients were written in a more convoluted form (constraints for the diffusion-viscous coupling terms were not
explicitly derived) and the dispersion relations were not explicitly calculated.
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